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CALCULATOR-FREE 3 MATHEMATICS SPECIALIST

Section One: Calculator-free (52Marks)

This section has seven (7) questions. Answer all questions. Write your answers in the spaces
provided.

Spare pages are included at the end of this booklet. They can be used for planning your

responses and/or as additional space if required to continue an answer.

* Planning: If you use the spare pages for planning, indicate this clearly at the top of the page.

* Continuing an answer: If you need to use the space to continue an answer, indicate in the
original answer space where the answer is continued, i.e. give the page number. Fill in the
number of the question that you are continuing to answer at the top of the page.

Working time: 50 minutes.

Question 1 @ rharks)

(a) Hilbert numbers are defined as numbers that are 1 greater than the multiples of 4, such as
5.9 13,17,:21, 25....... Prove that the product of two Hilbert numbers is a Hilbert number.
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(b) Prove that if a square and a circle have the same perimeter P, the circle will have th
greater area. (4 marks)
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MATHEMATICS 4
Question 2

Giventhata = —2i + 8jand b = 5i - 6j, find:
(a) |la + b|.

‘0&-{-19[ - l;’ﬁ(:—-r'-?,]? \ — J -27,,-7:'— — .\/[—3,

v v v

(b) the unit vector parallel to a + b.

o+ b 5£+2\J\

b w

(c) a vector that is parallel toa + b but with a magnitude of 5.

_ +tb IS . ‘

Sx—- 2 = (304 2)
O{2+ b v 2 |3

See next page
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CALCULATOR-FREE
(d)

5 MATHEMATICS SPECIALIST

ainterms of p and gwherep = 2i + jandq = -3i + 3j.

a= xpP+ 4

(5 marks)

-—ZHSJ 2N (25+J) + &/('SHBJ) /
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MATHEMATICS 6 CALCULATOR-FREE
Question 3 (4 marks)
Use Proof by Contradiction to show that there is no positive integers a and b, such that

a2 —4b%2 =1

Assune 3 o, b € Z" st c'-4b’= 4 S
(a+2b) (a-2b) = d

a+2b =41 . ;a+Lb %

{ h- 2b = 1 O-2L = -]
ca=1 S fb=o
i, e
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CALCULATOR-FREE f MATHEMATICS SPECIALIST

Question 4 (; marks)

PQRS is arhombus. PQ = aand PS = b.
(a) Find PR in terms of a and b. (1 mark)

—_ ' e
PR = a+}

(b) Find @S in terms of a and b. @_marks)

- v
as = b-a /

(c) Hence, use a vector method to show that the diagonals of a rhombus are perpendicular to
each other. (4 marks)

..%
Pe - &S

1)

(a+b) (b-a) v
e f¥= g*

=lbl* - (& /

=0/  as  PARRS is o rhembag

“ PR LAS S

See next page



MATHEMATICS 8 CALCULATOR-FREE

Question 5 (7 marks)
(a) Prove the recurring decimal 3.210 is rational by expressing it as a fraction. (3 marks)
——

o x=32.10 © /
oo x=3210.T0 &
®-0) 999X =317 /
3(73 208

Tyl T /
(,__’_55_?-—) er\i& %)

(b) Prove irrationality by contradiction for v/10. (4 marks)
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CALCULATOR-FREE 9 MATHEMATICS SPECIALIST

Question 6 (3 marks)
(a) Show that the second number in row n of Pascal's triangle is always nforn > 0. (2 mark)
N (, N ! X (n-1) / B
om0 ™ (! / Ba

(b) Prove that the third number of any row of Pascal’s triangle is always % n(n—-1). (2 mark)

l
gy =

Nx (A1) x (N-2D!

(n- z) 2! T Tinzst xa /
- A X Clﬂ”)‘
8

(c) Show that for any row in Pascals’ Triangle, the (r + 1)th number is ﬂ times the rth

number, that is, 2C,.,, = nT;: x C, assuming that”C, =1 and n > 0 (4 marks)
. n {
L ,"I \S = ﬂCr\ ( = n - ]
t : | )
(n-Crev)! (re)!
(%

)1

I < —
(rl—r—l)"('“”)"”)"

/

/
J

I
= (I’!’r) x :
tnor ) x (nr-)! (redxr !

g:r)xf’t-' /

(n-r)! x (r+1) xr!

]

)
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MATHEMATICS 10 CALCULATOR-FREE

Question 7 (8 marks)

(a) Prove that any 3-digit number is divisible by three if the sum of its digits is divisible by three.
[Hint: let the units digit be a, the tens digit be b, and the hundreds digit be c.]

ok Hhe g—o(:'yf'f punboer b2
[00(__(_(064’%/\/W Gt-{-é""c:g/n'

(3 marks)

- 99c+9gb+ Ct+t b+ R

:3(?3(,—#317) + 2 M v
=3 (ggcf» 319*9*‘/) /
fmwae, 06‘1/:‘5/19& 4(7

End of questions



CALCULATOR-FREE 1 MATHEMATICS SPECIALIST

(b) Use mathematical induction to prove that 26" + 32"~2 is always divisible by 5, forn € N.

. (5 marks
n=1 . Qb'f‘Sa = 65 15 olivisible Aj 5, _/

Ck k-2
Assune  frne %ﬂr n=k , le 2 +3 -cm . S

cK 2% -2

[:;9/' /"L:/éJr/ i He MW‘M '?AVJS 4 = fm -3

GCk+1) g (k+)-2 6 bk 2k
b + 3 =2x2 +3

- Gl x ('gm ‘32k;) . 52k.~2x 33( Y
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e B (éum) - 3‘2/2_1 (64—?)

2k -2
2 nbem = 3 5%

= ¢ (éu—m - 321('2 % u) /
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PERTH MODERN SCHOOL

INDEPENDENT PUBLIC SCHOOI

Semester One Examination,
2018

Question/Answer booklet

MATHEMATICS SPECIALIST
UNIT 1

Section Two:
Calculator-assumed

Your Name SO / (/L/HO N

Your Teacher's Name

Time allowed for this section
Reading time before commencing work:  ten minutes
Working time: one hundred minutes

Materials required/recommended for this section
To be provided by the supervisor

This Question/Answer booklet

Formula sheet (retained from Section One)

To be provided by the candidate
Standard items:  pens (blue/black preferred), pencils (including coloured), sharpener,
correction fluid/tape, eraser, ruler, highlighters

Special items: drawing instruments, templates, notes on two unfolded sheets of A4 paper,
and up to three calculators approved for use in this examination

Important note to candidates

No other items may be taken into the examination room. It is your responsibility to ensure that
you do not have any unauthorised material. If you have any unauthorised material with you,
hand it to the supervisor before reading any further.
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Structure of this paper

Number of | Number of Working Percentage
. . . . Marks
Section questions | questions to time , of
) . available o w
available |be answered | (minutes) examination
Section One:
7 7 5 2
Calculator-free 0 S 35

Total 100

Instructions to candidates

1.

The rules for the conduct of the Western Australian Certificate of Education ATAR
course examinations are detailed in the Year 12 Information Handbook 2016. Sitting this
examination implies that you agree to abide by these rules.

Write your answers in this Question/Answer booklet,

You must be careful to confine your answers to the specific questions asked and to follow
any instructions that are specific to a particular question.

Additional pages for the use of planning your answer to a question or continuing your
answer to a question have been provided at the end of this Question/Answer booklet. If
you use the space to continue an answer, indicate in the original answer space where the
answer is continued, i.e. give the page number.

Show all your working clearly. Your working should be in sufficient detail to allow your
answers to be checked readily and for marks to be awarded for reasoning. Incorrect
answers given without supporting reasoning carinot be allocated any marks. For any
question or part question worth more than two marks, valid working or justification is
required to receive full marks. If you repeat any question, ensure that you cancel the
answer you do not wish to have marked.

It is recommended that you do not use pencil, except in diagrams.

The Formula sheet is not to be handed in with your Question/Answer booklet.

See next page



Section Two: Calculator-assumed (94 Marks)

This section has Thirteen (13) questions. Answer all questions. Write your answers in the
spaces provided.

Spare pages are included at the end of this booklet. They can be used for planning your

responses and/or as additional space if required to continue an answer.

* Planning: If you use the spare pages for planning, indicate this clearly at the top of the page.

* Continuing an answer: If you need to use the space to continue an answer, indicate in the
original answer space where the answer is continued, i.e. give the page number. Fill in the
number of the question that you are continuing to answer at the top of the page.

Working time: 100 minutes

Question 8 (6 marks)

Determine whether each of the following statement is true or false. Prove in general if the
statement is correct. Use counter examples if the statement is false.

(a) A quadrilateral with a right angle must be a rectangle.

F&(%. A kite with e rf@l’r(—rpwﬂ(ﬂy
/ /

(b) For all positive numbers a, a® < a®

A CL?‘7 0[3 :

A
L
oy

Vv

‘Foul?. o=

5.1
=3

(c) x* + x + 11 always gives a prime number.

F&‘&Q,\/ l\l+\i 41} = i CH-HH)

Z_:{l, :I\XIS /

/
/

Mo+ P‘ﬂ‘mﬁl "

See next page



Question 9

(8 marks)

(a) The position vectors of points 4, B, and C are i, —i + 3j and —5i + 9j respectively. Show
that the points 4, B, and C are collinear and hence state the ratio of AB : BC.

rE - (-31)/ Be= (—f’i)/ ;

(4 marks)

10+
6 (&

: .8... :

e_.

(b) Using the information in part (a). It is given that 0BCD is a parallelogram and that E is the
point such that DB = % ED. Find the position vectors of D and E.

(4 marks)
OBCcD s & PDWMW

0-—071:6(/ :—f(#(f-f-éj/
ggzé?+?z3’ (52*: 0_“)-+5Z"
/ sl = 5B ¢ 3 ER
:(,,3)__,(&) 0P +3B83
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See next page



Question 10 (12 marks)

(a) The velogcity of a boat v; changes from 25 knots at a bearing of 38° to v, which is 15 knots
ata bearing of 107°. What is the change in the velocity? Draw a diagram for this situation.
State the changes in the speed and the direction. [Hint: find v, — v; ] (5 marks)

= |28%15°- akabx 15 x (o569 °

))

24108 /S

\V,'

q? 2 Cog1 ( 255+ 24 108" ~ |5

2% 2LS* 24 (08

1
§Y)
Uy

)]
N

X = IP-885 «2.5°

be,@./r:‘mj = (8004-3,5“0 = (30'),5—". /
v Ofmgﬁw’\

vV ijﬁta& /s‘fuo(,

v/ lreckion /,ézw:}%?

See next page



6

(b) Three forces act on the point A as shown. What is the magnitude and direction of the

resultant force acting on A? (7 marks)
Fi.= 308%°( + 335#\503) . Forogg
| Force 1
F2 = 4eosbo’L— LS 60°j P
F3= —50083%0 +§ Si’ﬂbo”j v/
Force 2

Fr= Fit B2t Fs
=(2-3)( + Uk?—./;))
>~ 026F) 0 + 015551)‘ Vi

|Fr| = 06n /

/:/ o = ﬁo%ii
— 0= 63.43° /

mej is o5
hmﬁm‘-lw& s .6

See next page



Question 11 (8 marks)

An aircraft is to be flown from Perth (P) to a bush fire (F) that is 180 km away on bearing of
160°. If a wind of 30km/hr is blowing from a bearing of 50° and the aircraft can maintain a
steady speed of 250km/hr in still air find:

(a) The bearing on which the plane must be set (Draw a diagram) (4 marks)

ui\nQ B S]“,‘}O‘j /

20 250
=643/
;s Bew,v\g =160 - bk}’

=455 sz)"/

(b) The actual speed of the plane (2 marks)

g‘; = (8o -Fo - 64F = [03.63°

VA :;-3_@_ / Wr\-:zs‘s.'-\%/?w\/h,

SAlo2.53 5“\"\:}07

(c) The time of the journey (2 marks)

it = 0.Fhr o4 mn
258, /

tin =

See next page



Question 12 (10 marks)

(a) Find the values of 2 and p given that a and b are non-parallel vectors and
2Aa + 3pa — pb + 2b = Ab + 2a

(&\ﬂa)a - (z-,u(a) = A+ Xb
ANt IM = R

N

A=Y

--,a,/

(b) In the quadrilateral ABCD shown below 4B = b, AC = ¢, AD = d. The points R, T,S and U

are the midpoints of the sides shown in the diagram. Show, using vectors b, ¢ and d that TS
is parallel toRU.

(4 marks)

(6 marks)

BC= T~

ey o 8

TC:‘%:CC*L:)

o - -2 Ld-5) v
o '3.( -

i3 =% (A-T)/

-.—-—‘7

TS = *E?J,E’

\

See next page



Question 13 (8 marks)
(a) For digits {1, 2, 3, 4, 5, 6}

(i) How many numbers can be formed in total, if each digit is only used at most once?
[Hint: consider all 1 to 6-digit numbers]. (2 marks)

6P, + Pax2l 4 6P, x3! + Ofyxul + CPs x5!+ xo

:I%G‘/

(if) How many of the above are less than 600,000? (2 marks)

NWLM afom/e [900, oo — &l /

. Nuwber below b00,000 = 1956 —&!

= |83 6 /

(b) For digits {1, 2, 3, 4, 5, 5, 6, 6}, how many distinct four-digit numbers can be formed?

g dyts L S e

2!
Lnolwlmg Jwo 55 but no move thowm one i

(&) x SxY =)0

' Lp,[w(mJ o "6’ bnt ho wwre tham one ‘s

( )x sx § =120,
C Tededing huo's's ol dwo s - ()= 6V
Toted - 360 +1z0 + 20 + 6 = bob i

See next page



10
Question 14
A set S contains all the integers between 3 and 122 inclusive.

(a) how many numbers in set S are multiples of 6?

120+ 6 = X

(b) how many numbers in set S are multiples of 6 or 8?
Q0=3 =15 LeM (6:8)=24
\20 <+ ZLf 3 /
20+15-5 = 30 /

(c) how many numbers in set S are multiples of either 6 or 8 but not both?

A0 t15-5-65 =35
i 1 / /

Question 15

(5 marks)

(1 mark)

(2 marks)

(2 marks)

(3 marks)

Show that if 50 different integers are selected from the set {1, 2,3, ..., 97, 98}, there will be at

least two integers whose sum is 99.

Crooke pigeonholes usig the stbs 31,287, {2,493 )

.. fuq,50Y . Ta dotl, 49 coks, 7

S‘.“ncfc tHhoine' ne Co WW& CPtSwHS)/b? Prgeow)/nol,g
PF\‘V\Q Pu Hure must be ot l-Q,P/L.&t b numnbers
(N H«L < euunl /P.‘ﬂ.e,om\nou’,/ Mezp ceoch pw‘r OF

v bers OloLi np o 49 | /

See next page



1

Question 16 (6 marks)
(a) Determine the angle between the vectors < —12,7 > and < 3,8 >. (2 marks)
(3)6)
+ '(8
“21{_7"2 ’52._"21

O =803" (daspad
o8 )

sl -

0.i68S

(b)  Determine the value of a so that the vectors < 7,a > and < 10,4 > are perpendicular.

. (2 marks)
F ( i /
[a) (4
70 + #a = 0
[ B = Z!l /
(c) Determine the exact scalar projection of < 3, -5 > on < —8,4 >. (2 marks)

3 . ({;)(;3) A 1|
(-&) o e A iy
R

See next page



12
Question 17 (10 marks)
How many ways can the letters of the word TRIANGLE be arranged

(a) if there is no restriction? (1 mark)

3! =hosao /

(b) if the first three letters must be RAN (in that exact order)? (2 marks)
| L1 54321
= (20

7%y

(c) if the first three letters must be RAN (in any order) and the next three letters must be TRI (in
any order)? (2 marks)

hazjc_ 2 o | 31 x 3lx2!
=T 4

(d) if the order and the placement of the vowels IAE cannot be changed? (i.e. IAE stay where
they are as in TRIANGLE) (2 marks)

S 4 1) 3 2 1 |

=7

(e) if the order of the vowels IAE cannot be changed, though their placement may (JAETRNGL
and TRIANGEL are acceptable but EIATRNGL and TRIENGLA are not)? (3 marks)

(3) S' = 5729
v

See next page
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Question 18 (6 marks)

Airports A and B are such that AB =250i - 750j km. An aircraft is to be flown directly from A to
B. In still air the aircraft can maintain a steady speed of 400km/hr. There is a wind blowing with
velocity 13i + 95 km/hr.

(1) Find, in the form ai + bj, the velocity vector the pilot should set so that this velocity, together
with the wind, causes the plane to travel directly from A to B. (4 marks)

..‘(Cfu: S lo‘) )+ (13¢ +ﬁU) =X (‘25*{?&-?3‘0\} )//

Aty . 280 l
ATL

—
T pe— —_

B “Fso ~ -3 /
b+9 = -3a-39
b=-3a-643
A* + L% = hoo®
Oz
i
V= 2t — 33y

(2) If the wind remains unchanged, in the form ai + bj, the velocity vector the pilot should now
set to return directly from B to A. (2 marks)

!
?l.-

‘v : f’ A= —,L[-O r3
r
-33% b=3%4 4

i

L= -lhod /
b=23F4. & V4

'\/ - -|L{_OL8;,+ 5'-%‘&4‘—)\ /

See next page
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Question 19 (4 marks)

Use a vector method to prove that the angle in a semi-circle is a right-angle.

= P / as || '=ll>[=r‘*‘>b“” o cvele,

See next page
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Question 20 (8 marks)
Show that e ey 2
DR LT e R s & meres)
‘ Ao a 0 _
LHS = —— - = RHS
(k3D CI7). (3! CK\}—ZD,
(b) Prove by induction that, for all positive integers n
1x2} . 2x22 | 3x23 i g™ ot
(1+2)! © (2+2)!  (3+2)! (n+2)! (n+2)! (6 marks)

: a9 0
Ik= 1’ U—IS:__I_E_?“_ =

pHS = |- 2 =\*% :j‘;;{—mk .ForW=i /

2 e
1 K k| i
B L T S i
Assume trns for n=lk , 2! T o, l herzy v -
] —
Tl g B (ke x2 7 Weff  fet2
l (k42! 7 (k+3>! | Tkt 3!

R kel 1 k41 e AR S
=i 2 Chx2d)!  — Gt _

i 2}2%‘ ( Ui&a)!) from (@) )/

))

)
|
N

End of Questions
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